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The behavior of two electrons confined to a three-dimensional box with infinite walls and interacting
with a Coulomb potential is studied using an exact diagonalization technique. The use of symmetry
operators enables the Hamiltonian to be block diagonalized. Apart from the total spin, the
wavefunctions can be classified using three symmetry quantum numbers. The Coulomb integrals are
shown to be amenable to efficient and accurate calculation. The energy of the lowest few eigenstates
of both the singlet $=0) and triplet §=1) are calculated as a function of the box sfze., in
effectrs) for a slightly tetragonally distorted box where th@xis is longer than thg- andy-axes.

The ground state is a singlet function wijlyg symmetry at all densities. At small, the ground

state has a maximum in electron density at the box center. Upon incregsiagr,~8 a.u., the

ground state density acquires a minimum in the box center. At this santbe first-excited state

of the singlet manifold changes its symmetry frgmu to ugu, and the corresponding degeneracy

is changed from one to two. The enengyeurve shows a nonanalytic change in slope. Subsequent
increasing of ¢ gives rise to increased localization of the charge density in the eight corners of the
box, which can be identified as the “Wigner” crystal limit of the present model. The physical
exchange-correlation hole is evaluated in the high and low density limits20@D American
Institute of Physicg.S0021-9606800)31542-3

I. INTRODUCTION constructing approximate density functionals. As Perdew
et al® have emphasized, the use physical exchange-
Interest in correlated electron systems, and electron excorrelation holes is essential in constructing such functionals
change and correlation, is as strong as éven this paper  within, say, the generalized gradient approximation. Exactly
we study a very simple, possibly the simplest, correlatedsolvable model systems in which the formalism of density
electronic system with realistic interactions, namely twofunctional theor§~® can be implemented provide the very
electrons interacting with a Coulomb potential in a boxrare opportunity to examine, without uncontrolled approxi-
bounded with infinite walls. The problem is studied in amations’ the Comp|ex nature of the exchange-corre|ati0n
guasi-exact and nonpertubative way using exact diagonalizaygle. The “Hooke’s Law” helium atorfi‘®is one such ex-
tion. tensively studied two-electron model with a central attractive
The model can be motivated in a number of ways. Itis acenter, in which the electron—nuclear Coulomb attraction is
well-defined and physical interacting system in which essenreplaced by a harmonic potential. The present system of two
tially exact solutions for the ground and excited states can bgjectrons confined to a three-dimensional box with no attrac-
obtained. The model can be viewed as a quantumtye center provides a different sort of physical system in
confinement problem, in which the correlation in the systemyhjch the correlation is between essentially free electrons.
can be increased or decreased simply by varying the box|though the present system is of considerable conceptual
size, going from the dendaveakly correlatefito the dilute  interest, applications of related systems to model quantum
(strongly correlatedlimit. It is desirable to treat the different §ots can be envisaged, for example, to investigate the effect
regimes on the same footing. In addition, the system is esyf reduced dimensionalit§in particular two dimensionsal-
sentially nonuniform(the hard-wall boundary conditions terative geometries and confining potentials. These will be
take care of that and the resulting exact solutions may pro- pyrsued in later work. Last, but not least, it is worth stating
vide different, and complementary, model systems to studynat the behavior of many-electron systems can be extremely

exchange-correlation, as compared to the uniform eleCtrOEomplex: studying simple models in which exact solutions
gas. Part of the motivation of this work, reported in a later.5n pe obtained may be instructive.

publication, will be the construction of exact exchange-  The paper is organized as follows. In Sec. Il the general
correlation holes, which could provide new input data formethod of solution is provided. In Sec. Il we discuss the

role of symmetries in this problem. In Sec. IV the evaluation
dElectronic mail: alavi@theor.ch.cam.ac.uk of the Coulomb integrals in a basis of trigonometric func-
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tions is discussed in detail. In Sec. V we give details on the 1

calculation of the electron density and exchange-correlation T=-— > 2 Viz, (8
hole. In Sec. VI we report the results of several calculations =1

of this system, including energies and wavefunctions. Sec- 1

: (C)

tion VIl is the conclusion. Two technical appendices give an U=
account of a real-space method to evaluate the Coulomb in-

tegrals. V= 2 o(ry). (10

IIl. METHOD OF SOLUTION where

It is natural to seek the solutions to the Salirmer
: . o - v(XYy,2)
equation for two electrons in a box with infinite potential in
terms of trigonometric functions. To this end Mt(x,,X,) 0, for 0<x<L,, O0O<y<L,, 0<z<L,,
be a two-body wavefunction, which can be expressed as a ~

_ hich _ |, otherwise.
product of a spatial wavefunctioW =(r,,r,) and a spin

wavefunctiony™ (o ,07): (11
W (xq %) =W (P, 1) X" (01,0). 1) In the chosen basis, the kinetic energy is diagonal:
Two types of solutions are present: singlet spjin (S=0) (G|T|G")= 77_2 n’+p? n m’+g° N 12+r2 s (12

and triplet spin §*,S=1), corresponding, respectively, to 2 Li |_§ |_§ GG’

symmetric @ *) and anti-symmetric¥ ) spatial functions.

We will expand the spatial wavefunction in terms of linear N
combinations of symmetrizedor anti-symmetrized sine  Sine functions{G|U|G"), requires extensive consideration,
functions® g {111 2):

The matrix elements of the Coulomb operator in the basis of

and is dealt with in Sec. IV; For the present we assume that

the Coulomb matrix elements can be calculated accurately

P miparF1:72) = Nomipad Unmi(F1) Upgr(2) and efficiently.
+ Upar( 1) Unmi(T2)}, 2) We seek solutions to the Scldiager equation,
with HV==E*W™, (13)

8 as an eigenvalue equation in tbg:
unm,(r)z\fﬁsin(nwx/LX)sin(mqry/Ly)sin(Iwz/LZ), €)

> HeeCo =E*cg. (14)
where L,,L, and L, are the box dimensions an€} G’

=LyLL; is the volume. In(2), Nymipqr IS chosen so as to  The procedure is so far exact, and if carried out, the resulting

normalize the function, i.e.,

1

Nnmlpqr:—-
V2+ 2-5np5mq5Ir

In addition, the antisymmetric functio®, ,;,m(r1,r2) iden-

tically vanishes. If we denote

G=m L L Lol L)

thenW*(r,,r,) can be expressed as:

«Pf(rl,rz>=§ cePa(ry.ra),

wavefunctions? = would be the exact solutions to the prob-
lem, including the excited states. It is a matter as to how
many basis function® g can be included in practice.

Let njha denote the highest wavenumber to be allowed
in the basis ofu’s [Eq. (3)]. If we neglect the use of any
additional symmetries, the total number of basis functions
NpasisfOr sSymmetric and anti-symmetric solutions is

nmaxs-(nmaxsi 1)
2

Evidently, this is a rapidly growing number with,,,,. For
example,Nna=5 gives Npasis 7800, andn,,,=10 gives
Npasis—500000. In order to make the problem more manage-
able we can appeal to symmetries inherent in the two-

(15

+
Nbasis_

wherecg are real linear coefficients to be determined, andelectron Hamiltonian.
the sum overG runs over the set of all positive integers
{n,m,l,p,q,r}. ®5(ry,r,) form a complete symmetri¢or
anti-symmetri¢ set of basis functions which satisfy the 1ll. SYMMETRY
boundary conditions that the wavefunctions vanish at the
boundaries. Therefore, any symmetfr anti-symmetri¢
satisfying the same boundary conditions can be express
using them.

The two-electron Hamiltoniain Hartree atomic units

#=m,=e?=1) for the problem at hand is which leave the Hamiltoniafi7) invariant, namely reflection

R operations in thexy,xz andyz planes, respectively. These
H=T+U+V, (7) correspond to the transformations
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x—Ly—X, (16) Additional symmetries may also exist for special geom-
etries of the box. For example, for a cubic box, ilg;=L,
y—Ly—y, 17) =L,, there are additional reflection and rotational symme-
7 5L.—7 (19 tries. In these cases a further reduction in basis set size can
Z )

) ) ) be achieved through the use of appropriately symmetrized
being applied to the components of all the electrons simultagompinations of the basis functions. In such cases, some of

neously. Let us denote the corresponding operatorghe manifolds will be degenerate. For example, for a cube,
Px,Py,P,, ie., theggu gugandugg manifolds are degenerate.

PV (X1,Y1:21,X2,Y2,22) IV. COULOMB INTEGRALS

In order to calculate the matrix elements of the Hamil-
tonian, we need to evaluate the following types of integrals:
with similar definitions forP, andP,. It is eaS|!y verified (nmipgdn’m’l’p’q’r")
that the symmetry operators each commute with the Hamil-
tonia_n, apd with each other. Therefqre, the eigenstates of the _ u:m|(r1)u;qr(r2)un,m,|,(rl)up,q,,,(rz)
Hamiltonian can be labeled according to the quantum num- = | - - 11—,
bers of the symmetry operators, which aré& for even func-
tions (geradé and —1 for odd functions(ungerade. The Xdrydry, (23
basis functions can be classified accordingly:

=W (Ly—X1,Y1,21,Lx—=X2,Y2,25), (19

whereu,,(r) is given by Eq.(3). The limits of the integra-

stq)nmlpqr:(_1)n+pq)nmlpqr1 (20) tion run from{xll,xz:O,Lx}, 1y1,y2:0,Ly} and{zl,z_z:O,Lz}. _
The Coulomb integrals between the symmetrized or anti-

ﬁy@nmlpqr:(_1)m+qq>nm|pqr, (21)  symmetrized basis functions are given by the sum and dif-
. ference, respectively, of the direatilpgrin’m’l’p’q’r’)
P ®nmipar= (=)' "®pmipgr- (220 and exchangenmlpqrp’q’r’'n’m’l’) integrals:

The overall wavefunction can be Igbeled accordln_g to ((I)élUI@é,)=2{(nmlpqdn’m’l’p’q’r’)

these three quantum numbers. Thus in general we will have

eight manifolds: =(nmlpgrp’q’r'n'm’l")}
Vg99:Yugg: ¥gugs Vuug: Wggus Vugus Vguu Wuuus X NnmipgNnrmei7prgrer - (24)

and each manifold will contain nonzero components of the It is convenient first of all to transform to scaled units:
basis functionsb , 4 With the same symmetry. Therefore,

the Hamiltonian block diagonalizes into eight smaller prob-
lems, each of which is approximately one-eighth of the sizeand similarly forx,, y, andz,. In what follows, in order to

of the Hamiltonian expressed in the full basis. For examplekeep the notation as uncluttered as possible, we shall refer to
iche 999 |manifold will mix states such ag111113},  x; asx,. Defining the ratio of the box vectors as

111113, |111133, ..., etc., all of which haveggg sym-

metry, :z)ut not|111113, |111123,..., etc. which have b=Ly/Ly, c=Lz/Ly, (26
ggu symmetry. we can express the integrals as

x1=X1/Ly, yi=YyilLy, z1=27/L,, (25

26 r1 1
O fo .. 'fo sin(narxq)sin(maryq)sin(l wzy) sin(px,)sin(qy,)sSin(r wz,)

y sin(n’ axq)sin(m’ ry,)sin(l’ wz,)sin(p’ mX,)sin(q’ wy,)sin(r ' 7z,) g

[ri—ryl radrz, @)

where 1 :
—:E Ugelg‘(flffz), (29)
= 1o =V ) 7Dy -y P Az - 2% (29) ra=rel %
We tried two methods of evaluating this integrél) by  with
transformation to center-of-mass and relative coordin@ites .
a Fourier-space method. The second method turned outtobe 1 [ e™'9'
more convenient, and will be outlined in detail below. De- Ug_af ,Wdr' (30

tails of the first method are given in AppendicA & B.
In the Fourier method, we first write|t{—r,| as a Fou- where the region of integratiof’ runs overs the maximum
rier sum over the wave-vectors of the box: possible relative displacements of the two patrticles in scaled
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units, i.e, {x:—=1,1, {y:—1,1} and{z:—1,1. Therefore,
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is desirable, but the cubic boundary conditions are rather

()'=8ab. The wave-vectors which enter the Fourier sumcumbersome to implement in spherical polars. On the other

have the form

g= 77-(gX!gy1gz)1 (31)

where g, ,g,,9, runs over all integergpositive and nega-

hand, a straightforward three-dimensional numerical Fourier
transform is only slowly convergent and requires large Fou-
rier transform meshes.

It turns out to be possible to accelerate the rate of con-

tive). Note that, because of the cuboidal boundary condivergence dramatically by integrating out the Coulomb singu-

tions, the form forv is not precisely 4/g?, and is in fact larity in a manner reminiscent of the Ewald method. To do

anisotropic. The method by which the Fourier integral is cal-so, we first write

culated is discussed later on. Note also that the vegtier 1 erf(rla) erfor/a)

unrelated to the vectd® which label the basis functions. = + '
Upon substitution of the Fourier su(@9) into the Cou- r r r

lomb integral(23), and noting that the exponential function yhereq is a conveniently chosen parameter. In this decom-

e'%(11712) factorizes into factors of the for/®™1, each of  position of 1f, the first term is regular at the origin:

which can be integrated separately with respect to the Carte-

sian coordinates of each particle, we obtain for the integral

(27) (ignoring numerical factops

(36)

i erf(r/ @) 2
rer:) r CY\/;’
and is in fact a smooth function which can be integrated
using a relatively coarse grid. The second terni36) con-
1 tains the Coulomb singularity, but is short-rangelépend-
xf e'9y™isin(mayy)sinm’ wy,)dy, ing on the value ofr), and the limits of integration can be

0 extended to infinity incurring only a negligible error. The
value of @ needs to chosen in such a way that the integrand
erfc(r/a)/r has essentially vanished forclose to any box
boundary as measured from the center. We shall see that
value of the integral is remarkably insensitive to the value of
a, as long as it is reasonably chosen. Taking the Fourier
transform of the second term ¢86) using spherical polars

(37)

1
% vgfo e'9™1 sin(narx,)sin(n’ ) dx,

1
X f elgzﬁzl S|r(| 7TZl)Sin(| '7Tzl)d21
0

1 .
% f e '™z sin(parX,)sin(p’ mX,) dXs,
0

- | . we obtain
xf e '™zsin(gmy,)sin(q’ my,)dy,

o e 9Terfo(r/ 4

: [ -, s
Xf e 19,72, sin(rwz,)sin(r’' wz,)dz,. (32 °

. with the g2—0 limit given by 7a?.

The one-dimensional integrals above can be performed ana- Gathering all the expressions together, the Fourier coef-
lytically. It is convenient to define the following notatioff’  ficientv is expressed as
andl,,, for the required elementary integrals:

1 e '9erf(r/a) 4 L
(-1)k-1 vg=—f dr+ ——{1-e 9% (39
L T i k0 a'Jor 1] 0'g?
l(kO):f elkwde: ik ’ ’ )
0 1 if k=0 and the Coulomb integral becomes
' ' I ! /I/ ! P!
and (nmipgdn'm’'l’p’q’r’")
6
1 H [p—
ngmnzf e'9™ sin(marx)sin(narx)dx, (33 Ly % Ug'{lgx““"gymm’lgz“’l—gxpp’l—gywl—gz”’}'
0
40
1 (0) (0) (0) (0) . (40 .
= Z{In—m+gx+|—n+m+gx_|n+m+gx_ | _n_m+gx}- The convergence of the Coulomb integral as a function

(34) of the size of the Fourier transform mesh is shown in Figs. 1

. ] ) and 2 for several cases af as well as the case for which the
The integral(32) can be conveniently expressed in terms of orror function method is not use@ffectively @=0). It is
as clear that, without the use of the error function, the Coulomb
integrals require very large FFT meshes of at least®128
whereas using the error function convergence is extremely
rapid (requiring, conservatively, a mesh of 94 and fairly
In this sum, enougly-vectors need to be included to achieve insensitive to the value at.
convergence. The rate of convergence turns out to be largely Several features of the above method commend its use.
dictated by the Coulomb singularity in the Fourier integralNote that the Fourier coefficients;, as well as the integrals
(30). Evidently, an evaluation in spherical polar coordinatesl,,,, need to be calculated at the initialization stage once and

%vg.{|gxnn,|gymm,|gzn,|_gxpp,|_quq,|_g2,,,}. (35)
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3.50 T T T r TABLE |. Table of some Coulomb integrals in Hartrees, for a cubic box. A
Fourier transform mesh of 82vas used for their evaluation.
3.40 | Symmetric Anti-symmetric
| (111111111111) 3.0478 -
@ 330 Y- = @g._ (111112111112) 3.3198 2.1284
o o (111224111221) 2.6922 2.2377
g ] (111222111222) 2.3606 2.1491
T @_@gig . (111311111311) 3.0102 2.4008
S5 320 s . (111321111321) 2.5940 2.3031
A— 0=0.5 ]
w— real-space
3.10 E
i 1 second method, in which the center-of-mass is integrated

3.00 . L . L . L . out, is conceptually very simple, but is rather unwieldy, as
0 50 100 150 200 : . ! .
mesh can be seen in the expressions in the Appendices. Neverthe-
less, it is also fairly efficient, though less so than the Fourier
FIG. 1. Convergence of the Coulomb integtai1112|0]11111Z7) asa  method, and was used as an independent cross-check of the
functio_n of the Fourier transfo_rm m_esh. The real-;pace results are calculateghove method. The results are plotted in Figs. 1 and 2. The
according to Fhe method ou.tllned in the appendices. Not_e the _f:?\s_t conver athods converge asymptotically to the same result, as they
gence of the integral for typical values af as well as the insensitivity of
the results to it for reasonable nonzero valuesvof should.
A sample of Coulomb integrals are given in Table I.
From these we see that the Coulomb integrals between sym-
for all, and stored using only a modest amount of memorymetric states are always larger that the anti-symmetric ones,
The calculation of a given Coulomb integral Which is simply a reflection of the fact that the anti-
(nmlpgrin’m’l’p’qg’r’) amounts to summing over a set of Symmetric states tend to keep the electrons apart, and
tabulated values, which can be very efficiently programmedthereby lead to a smaller Coulomb interaction. The symmet-
For example, on a medium-size workstatitm 466 MHz  ric states, on the other hand, have the opposite tendency to
Alpha/Compag-ds10 nearly a million Coulomb integrals heap the two electrons together, thereby leading to a rela-
can be calculated in approximately five seconds of CPUively less favorable Coulomb interaction.
time. For a given set of aspect ratibsand ¢, the Coulomb
integral needs to be calculated only once fgr=1. The
value of a Coulomb integral for other values lof can be V. ELECTRON DENSITY AND EXCHANGE-
obtained simply through division by, , as can be seen from CORRELATION HOLE
(40).

The above method was tested in two ways. First, by ane a two_-electron wa\_/efuncuoﬂr(rl,rz) has b_een
. . ) w N obtained as a linear expansion of two-electron basis func-
doing the Coulomb integrals using a “brute-force” method

. ) R ’ . tions @ (we omit for clarity the superscripts denoting the
with a direct six-dimensional quadrature, and second usin
. . . " xact quantum numbers such as symmjetrg electron den-
the real-space method outlined in the Appendix. The “brute-_: . . .
. o ; sity and the physical exchange-correlation and correlation
force” is of course extremely inefficient computationally,

but has the advantage of simplicity, and helps in the WeedinhoIes can be constructed. Here we shall give the expressions

) . for future reference. The electron densiigr) is given by
out of errors in the algebra, as well as programming. The ) _ R
the expectation value of the number density operato):

—T T T n(ry=>, 8(r—rp, 41
2o [ ] (N=2 8r=r) (42)
222 | ie.,
220 I n(r)=(¥[n(r)|¥). (42)
@
Qo [ For the present system we obtain
S 218 |
% 2.16 | E—=0=01 i n(r)=2f |W(r,r)|%dr’ (43
—= a=0.25
514 —ah 0=0.5 |
. [~ v— real-space 7]
; =22 caCerSecr(r), (44)
212 g GG’
210 [ ) . ) . ) . . 1 where thecg are the coefficients in the wavefunction expan-
o 50 100 150 200 sion (6) and
mesh
FIG. 2. The same as Fig. 1 for the symmetric std#4443. SGG'(r):f dr’ @g(r,r") Qe (r.r'). (45)
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The physical exchange-correlation halg(r,r’) is defined

Ali Alavi

TABLE Il. The ground state energies as a functionLofind n,,,, for a

in terms of the expectation value of the density—density corietragonal boxlf=1, c=1.05). The state haggg symmetry and5=0.

relation function evaluated usirt§(r,,r,):

Nye(F,F)=@N(O)X¥|Sn(r)sn(r')|w)—8(r—r'),  (46)

wheresn(r)=n(r)—n(r). For the present two-electron sys-

tem, a numerically convenient expression fgg(r,r’) can

be obtained directly in terms of the wavefunction and den-

sity:
21w (r,r)?

0 (47)

—n(r’),

Ny(r,r')=

from which the normalization of the exchange-correlation

hole is immediately apparent:
f Ny(r,r’)dr’=—1. (49

The correlation hole density.(r,r’) can be computed

L/a.u. rga.u. Nmax Npasis E/a.u. Relative error

10 5.00 3 76 0.5382323 0.13%
4 288 0.5377711 0.04%
5 1161 0.5376166 0.01%
6 3024 0.5375660 0.005%
7 7984 0.5375406

50 25.0 3 0.0495036 0.6%
4 0.0492487 0.1%
5 0.0491938 0.01%
6 0.0491922 0.003%
7 0.0491908

100 50.0 3 0.0194941 1.7%

4 0.0192253 0.30%
5 0.0191743 0.03%
6 0.0191696 0.007%
7 0.0191682

We end by noting that the exchange-correlation hole

from n,(r,r’) by subtracting off the exchange-hole density gensityn, (r,r’) calculated above isot appropriate for cal-

n.(r,r’), which for a two-electron system is just

ny(r,r'y=—n(r’)/2. (49
Thus,
AYA !

culating the Kohn-Sham exchange-correlation energy
E,in], which instead requires the coupling-constant-
averaged exchange-correlation hbl&he latter will be re-
ported in a future publication.

VI. RESULTS

We consider here a tetragonal box, in which one side is

Clearly the correlation hole is normalized to zero. The abové&s% longer than the other two, i.do=1, c=1.05. This dis-

expression (50) has a useful qualitative interpretation:

tortion is introduced to remove a three-fold degeneracy of

|W(r,r')|? is the probability of finding one electron at posi- the S=1 manifold that exists at all densities in the strictly

tion r and another at position'. Dividing this by the prob-
ability of finding an electron at, i.e., dividing byn(r)/2,

gives the conditional probability of finding an electronrat
given the other one is at If this conditional probability is
larger than the probability of finding an electronrat then

cubic box, and in addition to identify a unique reference axis.
For a givenn,,, the Hamiltonian was diagonalized using a
direct diagonalization methdd. The singlet and triplet
wavefunctions of all eight symmetriéggg,ggu,..etc) were
computed. Since a direct diagonalization method was used,

nc(r,r') is positive, and if it is less, then it is negative. When the calculation of the excited states within each manifold

are these two situations likely to arise? Suppdsis chosen
to be close to the reference point Then, the chances of
finding another electron at' given there is a different one
already atr, is likely to be small, and therefore in the vicin-
ity of r, the correlation hole density.(r,r’) will be nega-

could be done with virtually no extra computational cost.
This feature allowed us to investigate changes in the degen-
eracy of the ground and low-lying states as a function of
varying density.

It is worth mentioning that the calculations do not re-

tive. On the other hand, if’ is chosen to be a large distance quire vast amounts of computing, and a typical complete
away fromr, then the probability of finding another electron calculation of the Coulomb integrals, the two-electron wave-

atr’ may be larger than averagdue to correlatioy and
thereforen(r,r’) may bepositive Electron correlation is

functions of the ground and excited states, together with the
calculation of the density and exchange-correlation hole

responsible for the positive regions of the exchangetakes no more than a few minutes on a small workstation. As
correlation hole. Therefore, by examining the oscillations ina result a large number of, values could be studied. In
ne(r,r') we can obtain a qualitative understanding of theaddition, it indicates that extension to a larger number of
spatial correlation between the two electrons in any giverelectrons, perhaps up to seven or eight electrons, is feasible
stateW. For example, if there is a physical separation of theusing state-of-the-art machines.

two electrons into distinct, localized, regions of spéas it
occurs in the Wigner crystal for examjplehen the correla-

tion hole, and the exchange-correlation hole, will be strongly
positive at separations characteristic of the lattice constant afonverges with
the crystal. On the other hand if the electrons are each largely (3Q2/87r

A. Convergence with 1.

We first examine how the total energy of the system
increasingnnax, as function of rg

Y3, We considered values af,,, from 3 to 7.

delocalized throughout all of the available space, the correTable Il gives the total energies for a numberrgffor the
lation hole will not be strongly positive, and the exchange-S=0,ggg wavefunction, together with the number of basis

correlation hole density will be predominantly negative.

functions. The energy decreases with increasipg,, since
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TABLE IIl. Ground and excited state energiéa a.u) of the lowest two
eigenstates within several manifolds. Results are obtainednyith=5.

s=0, S=1, S=1, S=0, S=0,
999 ggu gug+ugg ggu ugu+guu
L=10, (r.=5.00)

0.5376166 0.6156424 0.6328357 0.6944830 0.7345794
0.7610491 0.8864723 0.8784076 0.9284100 0.8688437
L=50, (r,=25.0)

0.0491938 0.0503273 0.0512285 0.0529397  0.0574160
0.0561794 0.0587713 0.0588106 0.0644987 0.0624781

of course it is variational with respect to it. The relative error
is defined with respect to the energy usmg,,=7. It can be
seen that increasing; gives rise to slightly slower conver-

gence, as measured by the relative error. Despite this, how L {
ever, it can be seen that extremely accurate energies can b

obtained, with relative errors of 0.01% using,,=5, corre-
sponding to approximately 1000 basis functions, and more
accurate energies can be obtained with rather modest corfilG. 4. Wavefunction coefficients for trg=0,ggg ground state at several
putational requirements up to abau,,=7.
We give in Table Il a set of low-lying excited state

energies within several manifolds, which may be of futuregq; eycited state of the singlet manifold exhibits a nonana-
use as benchmark data.

B. Energies vs rg

Electrons in a box 7741

1.0 ————1————TT—————

05 | : + .

1.0 P [ TN I TR I T P [ TN I TR I T

rs, obtained withn,,=4.

lytic change of slope ats~8. This due is to a crossing of
states with different symmetry. Farg smaller than this
value, the first-excited state of tf&=0 manifold hasggu

The lowest energy singlet and triplet states, as well as &ymmetry. It is therefore nondegeneratemembering that
number of excited states, were computed fnqys 0.5 to 50
in intervals of 0.5 a.u. At small,, the leading term in the Point, the states witugg andgug, which are a degenerate
energy is dominated by the kinetic energy, and therefore theair in the tetragonal box, drop below tlgggu manifold.

energy goes aE~A/r2+B/rg+ - - -

, whereA and B are

constants. We have therefore scaled the energies o _ SV .
that they tend, in the limit of .—0 to a constant, as shown Signals the onset of a qualitative change in the appearance of

in Fig. 3.

The ground state is &=0 singlet function withggg
symmetry at allrg. As a function ofrg, the singlet ground

state energy appears to change smoothly. By contrast, the

50

40

5 30 .
< ]
N\(l)
L 20 -
=== S=1gug+ugg

10 | ===—= S=0 ugu+guu 7]

0 1 1 ] ] ]

0 10 20 30 40 50

r/a.u.

60

FIG. 3. The energies of the ground state and low-lying excited states vs
for the tetragonally distorted boso& 1, c=1.05). The overall ground state
is S=0,g9g. Note the crossing of th&=0,ggu and ugu at rg~8. For
clarity, the energies of the triplet state are shown with the thin lines.

the tetragonal distortion is along taeaxis). At the crossover

Thus the first excited state changes its symmetry, and degen-
eracy, at this cross over. As we shall see below, this change

the ground state density. To summarize, therefore, the order-
ing of the levels of thes=0 manifold is

Egge<Eggu<Egug=Eugu-.-,» forrgs<s, (51

(52

The lowest energy state of the triples€1) manifold has
ggu symmetry at allrg. At all rg studied, the first excited
state of is the degenerate pagiug andugg. However the
ordering of the remaining states changes several timeg as

is increased and the behavior seems rather subtle. However,
we can say that the global ordering of the states, taking all
the quantum numbers into account, is

Eggg<Egug=Eugu<Eggu-.-, forrg>8.

S=0_pS=1_pS=1_pS=1_S=0
Eggg <Eggu <Egug =Eugg <Eugu ---» forrs<8, (53
S=0_pS=1_pS=1_pS=1_S=0
Egog = Egou=Egug = Eugg <Equg

_ES=0

=Egjgy -+, forrs>8. (59

C. The ground state wavefunction

It is of some interest to see how the wavefunctions
evolve as a function af;. We concentrate here on the over-
all ground state $=0, ggg). The wavefunction coefficients
are shown in Figs. 4. As increases, there is a smooth
decrease in the contribution of th&111123 basis function,
together with an increase in the contributions from higher
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FIG. 5. The square-amplitude of the coefficient of the lowest kinetic-energy
basis function {111113) for the ground state, as a function rf.

ggg basis functions such as|111113,/111133,
[111313,]112112,]121123,]211213. In Fig. 5 we show
the contribution of the lowest kinetic-energy basis function
(/111113) to the ground state wavefunction esincreases. FiG. 6. Singlet 6=0ggg) electron density maps &) rs=7.0, (b) rg
At smallr, the behavior ofcy1111{? as a function of ;can ~ =10.0, (¢) r,=25.0, (d) rs=50.0 for the tetragonally distorted bdx=1,

. . . —ar¢ ¢=1.05. The view in(c) and(d) has been rotated around tkexis to show
be it quite well by a stretched exponential of the fagf"s the accumulation of electron density in the box corners as the density is

with nonintegere, whereas at highet, the behavior is better |gwered.
. . _ 2
fit by a simple forme™ (o airs*azry)

D. The ground state density dimensional function, visualizing it is difficult. The main

The density of the singlet ground state is shown in Fig. 6correlation effect is along thel11) body diagonal; therefore
as an isodensity plot for several valuesrgf together with  we show in Fig. 9n.(r,r’) along the(111) body diagonal,
the expectation value of the density along thendx axes, i.e., we let
i.e.,, (n(z)) and(n(x)), in Figs. 7 and 8. At high densities -

(r.<7), the electron density has a maximum in the box T'=r+A(111)T, (59
centgr with rt_espect tc_> gll three Cartesia_n axest At7, the choosing two reference points for i.e., r=r, and r=r,
density acquires a minimum along tkexis at the box cen- i

ter, while remaining a maximum there along tke and

y-axes. Atrg~8, the density acquires a minimum along ther,=(Ly/2,Ly/2L,/2)T, 1 =(L,/16L,/16L,/16)T,  (56)
x- andy-axes at the center of the box. The asymmetry which
appears here between the behavior of the electron density in
the z and x,y directions is, of course, due to the tetragonal

distortion we have introduced; in a cubic box, these minima s — =40 ]
(by symmetry would all appear at the same value rf. 0.60 | = 1=70 g
Subsequent lowering of the density gives rise successively to - - :::;2;8
a deeper minimum at the box center, and the simultaneous 0.50 === r=50.0 .
localization of the electrons into the eight corners of the box. « _ i - . I
This latter state can be viewed as the “Wigner” crystal limit % 040 F SN T LN 7
of the present model. Thus the densityrg&8 can be iden- N 0.30 [ /// \_\:“‘-----""‘/’, Y \‘ A
tified as the onset of the “Wigner” crystal. The statecanbe G |  ;/ y SN //// %\
associated with the density acquiring a minimum not only Y N S==7 / WAL
with respect to the long axis of the box, but also with respect i /:’/,"I \\ // ‘\‘\:\ |
to the two short axes. 010 | i4 ~ s
As noted earlier, at the sammg~8, there is a crossover L A
i 1 i N 1 N 1 N 1 N 1
g;‘/ ritrr::teeti,/.changmg the first excited state frgigu to gug 0.000.0 5 ” 55 53 o
Accompanying the transition to the “Wigner” crystal zL,

are noticeable changes in the co_rrelation h0|e d_enSit)flG. 7. (n(2)) for the ground state at several densities. Note that a mini-
ne(r,r') computed from Eq.(50). Since this is a six- mum appears ifn(z)) at the midway point for ~7.0.
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oot minima. As we mover’ towards either box corner,
o6 b — :sjg ] n.(rp,r') becomes strongly positive, indicating a strongly
-1t ,:=16,0 | enhanced probability of finding the other electron in a box
—== =250 corner.
05 | —ra - . :
| =500 ] Consider now the reference pointlose to a box corner
"’h_w oal 7 i (i.e.,r=r.). At low s, the densityn(r) there is very low.
A | e FET ey N i Therefore the correlation hole starts off close to zero, and as
/ s - NN . .
\;, 03k //,’ AN NN - we mover’ along the body diagonal, it gradually becomes
7 P . ’ N . .. T . . .
v i ey N e \\\\\ ] negative, acquiring a shallow minimum in that direction, fol-
02} /;// = WY lowed by a shallow positive maximum. At highy, asr’ is
L /.;/ / ‘\‘.\ 1 moved along thg111) body diagonal, the correlation hole
01 4 N - first of all acquires a minimum, and then upon moving far-
- 2 N ther away fronr along the body diagonal, becomes strongly
00 o 0'2 : 0'4 : ole : ola — positive and acquires a maximum. The strong maximum in
’ ’ ' /L ' ' ’ the correlation hole is arising because the electrons are local-

X

ized into the box corners, since if we specify one electron to
FIG. 8. (n(x)) for the ground state at several densities. A minimum in the be in the box corner., this greatly enhances the probability
box center is visible fors=10, but not atrs=7. of finding theother electron in the diagonally opposite box
corner.
, . Of course the analogy with “Wigner”-crystallization
i.e., box center and a box corner,.respec,tlvely. INB& N should not be stretched. In the present system, it is not pos-
IS a §calar which measures the distance’ofrom r. Lgt US "~ sible for each electron to become strictly localized in a cor-
con§|der the observed behgwor. Suppose we first fix our atﬁer, as there are only two electrons and eight corners. How-
tenthn at thg box cepter, .e., let=ry. For smallrs', the ever, in the low-density limit, the most likely place to find an
densﬂy/n(r) IS a maximum there, and correspondingly theelectron is in a corner, and, furthermore, if one electron is at
ne(rp,r’) has a deeP minimum, and, of COUrse, a negative, o corner, the other electron is in the opposite corner. What
value. As we move’ along the(11]) body diagonal, the st in this limit is the strongorrelation across the body
density n(r’) drops, and, correspondinglyng(ry,,r’) diagonal of the box.
steadily increases towards zero, becoming slightly positive,
before attaining zero upon reaching either box corner. At
highrg, however, the behavior is quite different. In this case,vIl. CONCLUSION
the box center is in fact a minimum in density, and, corre-
spondingly, althoughm.(r,,r,) is negative, actually corre-
sponds to a local maximum along ttEL]) direction. As we
mover’ along the(111) direction, the electron density in-
creaseqas the electrons are localizing in the box coriers
and, correspondinglyn.(r,,r’) splits into two symmetric

In this paper we have studied the quantum-mechanical
behavior of two electrons confined to a box with hard walls
in an essentially exact way. An exact diagonalization method
is used, in which the wavefunctions are expressed as a linear
combination of symmetrized or anti-symmetrized trigono-
metric functions, which can be further classified according to
their symmetry under reflection operations of the cube. The
0.2 — T 7 Coulomb integrals are shown to be amenable to an efficient
- and accurate calculation. A study of the convergence of the
total energy with respect to the maximum wavenumber
shows that down to densities of=50, highly accurate en-
ergies can be obtained using,,=5. A strength of the
present approach is that it does not make assumptions re-
garding the nodal structure of the groudr excited state
wavefunctions.

Using this method we studied the behavior of the ground
and first few excited states of the system as a function of
increasingr. The ground state is a8=0, ggg function at
all densities. A “Wigner” crystal arises as; is increased,
and the onset of this is associated with the change in sym-
metry of the first excited state of tt&=0 manifold.

The present model presents us with a new type of essen-
tially exactly solvable electronic system. Due to the absence
of a centrally attractive potential, the observed correlation is
F_IG. 9. Correlation hole densityc(nr’).r_g for two values ofrg for the between free, yet confined, electrons. The computational ef-
singlet ground state. Two reference pointsre shown(@) r=ry; (b r fort required to solve the present two electron system is ex-
=r.. The pointsr’ are chosen according to E(5). On the graphs, the . " . . .
pointA =0 corresponds to’ =, i.e., the position of the point’ coinciding  tremely modest, with physical results being obtained with the
with that of the reference poimt diagonalization of matrices of the order of several hundred.

—

PNy /T N Y I
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The present approach is being extended to a greater numbgk4), but this can be expressed in terms @f,n (—X).
of electrons. It may be an ideal model to study a number offhus the two integrals i0A4) over X appear in the pair:
issues of extraordinary interest, such as electron correlation

in ground and excited state density functionals. In addition, G oo (X)+ Gy (— X)L

since excited states can be calculated, studying time- 2 nee ppn

dependent problems, and systems in magnetic fields, as Weélnalytic expressions fo6 will be provided in Appendix B.

he Coulomb integral can be expressed as a product of three
functions involvingG, multiplied by 1f. Thus:

as modeling of quantum dots, is feasible within the curren
framework.

(nmlpgrn'm’l’p'q’r’)
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APPENDIX A: REAL-SPACE EVALUATION OF THE X{G'” "’(Z)+Gf'f"’(_z)}dx dy dz (A7)

COULOMB INTEGRALS Ix2+ b2y2+0222

We give for interested readers the derivation of the CoU—hjs three-dimensional integral can be evaluated using a nu-
lomb integrals using a real-space method and a transformasqrica) grid. In Figs. 1 and 2 are plotted two examples of

tion of variables. Let Coulomb integrals evaluated using this real-space method.

X=X1— Xy, (A1)
X:X1+ X2, (A2)
o o _ APPENDIX B: EVALUATION OF G
with similar definitions fory,Y andz,Z. The Jacobian for
this transformation is By application of the cosine addition formula,
J(X, X,Xq, %) = 1/2. (A3) 2 sina)sin(b) =coga—b)—coga+b),
The limits of integration are changed as follows: to the rhs of Eq(A5), followed by an expansion of a product
1 1 of sums of cosines, we arrive at
f f dx, dx,
x1=0Jx,=0 1 (2-x X+X
1/ (1 (2-x 0 x—2 Gnmpd X) = fo dx COS((n—p)q-r 2
—)—(f f dX dx+f f dX dx). (A4)
2\ Jx=0Jx=x =-1JX=-x X+ X

X — __ — — —_—
The Coulomb integral27) can be transformed using the co- cog (m=q)m ) COS( (n=p)m 2

X=X
{m-0
ordinatesx,y,z and X,Y,Z, followed by integration over X—x X%
X,Y,Z. This can be affected in an elementary though tedious ><cos( (m+ q)w—) —cos( (n+ p)ﬂ'—)
way. Consider first the factors numerator in the Coulomb 2 2
integral (23) which involve the coordinates; andx,: S( X — x
2

X+X
SIN(NX)SIN PX)SIN(N’ X, SIN(P’ 7X) xcog (M=q)m )’LCOS((“’LD)’T 2
i X+x\ . X=x| [ X+X X=X
=sin an sin pq-rT sin n T X co (m+q)7-rT . (B1)
[, X=X Each of the above integrals can be done. Let us define
Xsin p T (A5)
2-x X+X X=X
Next we integrate ouX from X=x to X=2—x, leaving only Jk|(x)=fx dXcog km——|cog lm——|, (B2
a function ofx. It is convenient to introduce the following
function ofx; in terms of whichG can be expressed as
2-x ) X+x\ X=X 1
ann/p,(x)zfx dXsin an sin pTrT Gnmptﬁx):Z(‘Jnfp,qu(x)_Jnfp,m+q(x)
X+x —X -J _q(X)+J X)). B3
><sin n"7T 5 sin(p’ﬂ' 5 ) (AG) n+p,m q( ) n+p,m+q( )) ( )

There are five cases to be handled, depending on the
A similar function could be defined to handle the secondvalues ofk andl.
integral overX (from X=—x to X=x—2) that appears in (i) |k|#|l|#0:
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2k sin(kmx) — (k=) (m(k+1=1x))= (k+1) (m(k=1+1x))

Electrons in a box 7745

. (B4)

Ji(X)= (—k2+I2)77

(i) |k|=]I|#0:
sin(k(2—x))

Ji(X)=cog kmx) —x cogkmX) + e

in(kar
— —sz(kﬂ_X) ) (B5)
(iii) k=0, 1#0:

2 sinllw(1—x))
|7 '

Joi(x)= (B6)

(iv) I=0, k#0:

—2 sinkrx)

K B7)

Jio(X) =

(iv) k=1=0:

Joo(X)=2—2X. (B8)
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